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Birlchoff’s Theorem on Manifolds 
RICARDO QUINTANA, JR 
Abstract. Brikhoff’s theorem states that if the geometry of a given region of space-time is first 
spherically symmetric aud secondly a solution to the Einstein empty space equations, that then 
that geometry is a piece of the Schwarzschild geometry. Here we show that Birkhoff’s theorem 
holds on differentiable manifolds in general. 
INTRODUCTION 
Some relativists believe in working to as large an extent as possible in Euclidean space. More 
mathematically inclined people who work in relativity believe that working on a differentiable 
manifold is the way to proceed. It is not, however, our intention to argue the pros and 
cons of the representation of space-time as a differentiable manifold. Rather, we wish to 
demonstrate how Birkhoff’s theorem can be proven if we assume our model of space-time is 
a differentiable manifold. 
THE DEMONSTRATION 
The Cartan structure equations state in the case of and affinely connected manifold with 
zero torsion that 
dei + uj Ae’ = 0 (1) 
and 
+jltmek~em = d4’ + wjkAwkl (2) 
where Rjlhn is the Riemann tensor and the notation is as in (2). The components of the 
Riemann tensor can be computed when the metric is of the form 
ds2 = -c e2”A(dxA)2 - e2@(dx’ - c qA dxA)2 (3) 
A A 
where summation over A is restricted to the values 2,3, and 4. To apply the Cartan structure 
equations, one takes wA = eUAdxA and w1 = e+(dxl - CA qa dxA) and computes dwA. 
and 
From Cartan’s first equation of structure, 
dw’ = - 
c w’AAwA 
A 
(4 
A dw =- 
c 
wABAwB - w;qAw? 
B 
(5) 
The connection forms wlA and wAB can be found, the exterior derivatives dw’j computed, 
and Cartan’s second equation of structure can be used to find all components of the Riemann 
tensor. 
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Now spherical symmetry alone is sufficient to guarantee that one can introduce 
Schwarzschild coordinates 
ds2 = -e2gdt2 + e2”dr2 + r2(d02 + sin20dd2) (6) 
where 4 and u are functions of r and t. 
This is of the form of the metric in (3). The components of the Riemann tnesor can be 
computed as in the general case outlined above. The Einstein equations can then be solved 
and by relations arising from the Riemann tensors and the Einstein equations, the metric 
(6) can be put in the form 
ds2 = l- y(dt)’ - $& - r2[(dO)2 + (d+)2sin2fl] 
r 
which is the Schwarzschild solution. 
Clearly our derivation can be effected on any affinely connected manifolds with zero tor- 
sion. Further, and differentiable manifold can be given a Riemann metric and it is always 
possible by the parallelism of Levi-Civita to find an affine connection with zero torsion 
on a manifold with a Riemann metric. Thus we note that our model of space-time as a 
differentiable manifold is one on which Birkhoff’s theorem is valid. 
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